Lifetime evaluations by the numerical analysis of ion engines has become important for long-term missions. To use numerical analysis as a tool for evaluating the engine lifetime, a code that predicts grid erosion caused by the impact of ions quantitatively is required. In most codes, the electron number density is estimated from the Boltzmann relation because the calculation time of three-dimensional analyses becomes huge. In this paper, to evaluate the applicability of the Boltzmann relation in ion engine analysis, three-dimensional analyses of a Hayabusa type three-grid ion engine using a full-PIC (particle in cell) code and hybrid-PIC code using the Boltzmann relation were performed. The comparison of the results revealed that the electron number densities obtained by the two analyses agree well in almost the entire region. However, in the downstream neutralizing region, where the electric potential is positive, the electron number density for the hybrid-PIC code increases up to about seven times higher than that for the full-PIC code.
Introduction
Since an ion engine was used as the main engine of the asteroid probe Hayabusa, there has been high expectations for long-term missions 1, 2) . In the past, experimental and numerical studies of ion engines were performed labor-intensively [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . One of the factors that has become important in the development of ion engines for long-term missions is the difficulty of lifetime evaluation by experiments 2) . Thus, evaluation of the lifetime by numerical analysis has become important. For lifetime evaluations, investigations of the models employed for numerical analyses through quantitative evaluations are required.
In previous numerical analyses, various types of models have been employed. The flux tube model has been used for describing an ion beam. The flux tube model treats ion particle motions as ion fluxes and reduces the calculation cost. To estimate the electron number distribution, the Boltzmann relation has been employed for most previous numerical codes. The electron motion of ion engines having a very small mass using multihole grids results in an enormous calculation time. By evaluating the electron number density distributions using the Boltzmann relation, ion engine properties can be obtained with a significantly reduced calculation time.
However, because the electron number density affects the electric potential distribution through the Poisson equation, validation of the applicability of the Boltzmann relation to quantitative analyses, such as lifetime evaluation, is required.
In the present study, analyses of a three-grid ion engine by a hybrid-PIC (particle in cell) code 14) using the Boltzmann relation and a full-PIC code, which treats electrons as particles, were performed. By a comparison between the results obtained by the two codes with different electron models, the effects of the electron model on electron number density distributions were investigated. The electron number density obtained by the full-PIC code was examined to check whether it satisfies the Boltzmann relation for the electric potential. The Maxwell distribution is a precondition for satisfying the Boltzmann relation. Thus, electron velocity distributions obtained by the full-PIC code were also investigated. On the basis of the above examination, the differences in the electron number density and electric potential distributions obtained by full-PIC and hybrid-PIC analyses were studied, and the applicability of the Boltzmann relation to the electron number density distribution in ion engines was validated.
Numerical Method

Procedures
The present analyses were carried out using two different codes, the full-PIC and hybrid-PIC codes. Figure 1 shows the numerical procedures of the two codes. The specific procedures and equations involved the codes are explained in detail below. i) First, the motion of neutral particles is calculated as a preparatory analysis. The calculated neutral number density distribution is used for calculations of collisions between ions and neutrals.
After the initial conditions are given, the following calculations of charged particles are performed.
ii) The motion of ion particles under a electric field is calculated by Eq. (1).
Ion number densities at grid points are estimated by weighting the calculated ion particle positions. The electric potential Ε in Eq. (1) is obtained by weighting the electric fields at the surrounding grid points. These weightings are carried out by a PIC method.
The treatment of electron particle motion is different in the two codes. iii) In full-PIC analysis, as for the ion particle motion, electron particle motion is calculated under an electric field by Eq. (2). The electron number densities at grid points are estimated by weighting the calculated electron particle positions.
In past work, 11) it was found that for a ratio of ion mass to electron mass of higher than 10000, the electron distribution was nearly independent of the ratio. Thus, to shorten the calculation time, an artificial electron mass, assumed to be 10000 times smaller than the ion mass, is introduced in the calculation. iv) In hybrid-PIC analysis, the electron number density at each grid point is directly obtained by substituting the electric potential into the following Boltzmann relation. The Poisson equation is solved by the FEM (finite element method) using linear tetrahedral elements. In hybrid-PIC analysis, to obtain the steady electric potential distribution, the simultaneous equations Eqs. (3) and (4) must be solved. Thus, iterative calculations of these equations are required. Electric field distributions are obtained from the electric potential distribution.
The calculations in steps ii)-v) are repeated to obtain convergent distributions. After the distributions have converged, the data are saved. 
Numerical domain and conditions
A schematic of the calculation domain of the three-grid ion engine is shown in Fig. 2 . The geometric parameters of the ion engine are set as close as possible to those of the Hayabusa μ10 engine. To reduce the calculation time, a calculation domain having a quarter hole with symmetric boundary 
Results and Discussion
The electric potential distributions obtained by full-PIC and hybrid-PIC analyses are shown in Fig. 3 . There is a region of positive electric potential in the vicinity of the hole center of the decel grid due to the existence of a converged ion beam. The effects of the electron model on the electron number density at two points (A) and (B) shown in Fig. 3 were investigated. Two-dimensional distribution of electric potential (y= 0 mm). Figure 4 shows the electron number densities (A) in the pre-sheath region and (B) in the vicinity of the hole center of the decel grid calculated by full-PIC analysis. In addition, to confirm that these densities satisfy the Boltzmann relation, electron number densities estimated by substituting the relative electric potential calculated by full-PIC analysis into the Boltzmann relation are also shown in Fig. 4 . In the case of estimation using the Boltzmann relation at (A), the electric potential and electron number density at the upstream boundary are used as reference values in Eq. (3). Because the electrons at (B) are neutralizing electrons flowing from the downstream, for the estimation at (B), the electric potential and electron number density in the downstream are used as reference values. In Fig. 4 , the electron number density at (A) obtained by full-PIC analysis agree well with those estimated using the Boltzmann relation. However, the electron number densities at (B) are different; the estimated number density is higher than that obtained by full-PIC analysis. While the electric potential at (A) is less than the reference value as shown in Fig. 3, the electric potential at (B) is a positive value, that is, higher than the reference value of 0 V.
One of the preconditions for satisfying the Boltzmann relation is that the electrons have the following Maxwell distribution f. To investigate the results of comparing the electron number densities in Fig. 4 , the axial velocity distributions at (A) and (B) are shown in Fig. 5. At (A) , where the electron number density clearly satisfy the Boltzmann relation, these axial velocity distributions agree well with the corresponding Maxwell distributions. However, the axial velocity distribution at (B) differs from the Maxwell distribution and contains a higher proportion of electrons having high speed compared with the Maxwell distribution. The high-speed part of the distribution satisfies the velocity distribution g given by Eq. (6), which involves the electric potential difference from the reference value: (6) However, the proportion of electrons having a low speed is lower than that calculated by Eq. (6). This low number causes the difference between the electron number density at (B) and that estimated using the Boltzmann relation shown in Fig. 4 .
The reason for the difference in the axial velocity distribution at (B) is that the positive electric potential at (B) is higher than the reference value of 0 V at the downstream boundary where the electrons flow with the Maxwell ( ) The results of investigating the axial velocity distribution indicate that the Boltzmann relation is inapplicable for the evaluation of electrons in the region where the electric potential is higher than the reference value. Figure 6 shows the electron number densities at (B) obtained by hybrid-PIC analysis, full-PIC analysis, and estimation using the Boltzmann relation with the electric potential obtained by full-PIC analysis. While the number density obtained by hybrid-PIC analysis is higher than that obtained by full-PIC analysis, it is lower than the density estimated using the electric potential obtained by full-PIC analysis. In hybrid-PIC analysis, since the increase in the electron number density at (B) causes a decrease in the electric potential, the difference between the electric potential and the reference value becomes smaller. As a result, the electron number density obtained by hybrid-PIC analysis approaches the value obtained by full-PIC analysis. Figure 7 shows the two-dimensional distributions of electron number density obtained by full-PIC and hybrid-PIC analyses. In Fig. 7 , the difference shown in Fig. 6 is clearly observed. In the vicinity of the hole center of the decel grid where the electric potential is higher than the reference value, the electron number density obtained by full-PIC analysis is lower than that obtained by hybrid-PIC analysis. The difference between the electron number densities causes the difference between the electric potential distributions shown in Fig. 3 . The electric potential distribution influences trajectories of ions impacting on the grids in evaluations of grid erosions. Thus, investigations of the applicability of the Boltzmann relation in the neutralizing region are required under a wide range of operating conditions. 
Conclusion
To evaluate the effects of the electron model on the electron number density in three-grid ion engines, three-dimensional analyses were performed using the full-PIC code, treating electrons as particles, and hybrid-PIC code, using the Boltzmann relation for the calculation of electron number density. The results of full-PIC analysis show that the electron number density clearly satisfies the Boltzmann relation with the calculated electric potential in the upstream region. However, in the area of positive electric potential in the neutralizing region, the electron number density is lower than the Boltzmann relation. By investigating electron axial velocity distributions, it was found that the non-Maxwell distribution of the axial velocity in the region of positive electric potential caused the deviation from the Boltzmann relation. The electron number density obtained by hybrid-PIC analysis is closer to that obtained by full-PIC analysis than the estimated value obtained using the Boltzmann relation with the electric potential obtained from full-PIC analysis.
The comparison of the results for the two different electron models revealed that the applicability of the Boltzmann relation to the calculation of electron number density is valid in the upstream region. However, the present results also indicate that for detailed quantitative analysis, an investigation of the applicability of the Boltzmann relation to the calculation of neutralizing electrons is required.
